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ABSTRACT
It is shown to be consistent that there is a normal first countable locally
countable space which is not collectionwise Hausdorff and in which there is a
closed discrete non-G; set which provides the counterexample to collection-
wise Hausdorfiness. This answers a question of P. Nyikos.

This paper will answer a question of P. Nyikos concerning collectionwise
Hausdorff spaces. A space is collectionwise Hausdorff if and only if every
closed discrete collection of points can be separated; in other words, 1t is
possible to simultaneously assign a neighbourhood to each point so that no two
neighbourhoods meet. In all known normal, first countable, not collectionwise
Hausdorff spaces the closed discrete set witnessing the failure of collectionwise
Hausdorftness is a G;. Hence Nyikos asked in [N] if it is possible to find a
counterexample where the closed discrete set is not a G;. That is the purpose of
this paper.

I thank J. Steprans for informing me of the problem and writing up the
paper, and M. Goldstern for corrections and proofreading.

Let Q= {a€w;; a is a limit}. If § C Q is a stationary set, then a ladder
system on S is a function L : $ X w — w, satisfying the following conditions:

(1) L{a, n) < a,

(2) Le,n)<L(a,n + 1),

3) U{L(e,n); nEW}=a.
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A function g: w,—2 is said to uniformize a function ¢: S —2 on a ladder
system L if | {n €Ew; g(L(e, n)) # c(a)}| <R, for every « €S. A space can be
constructed (as in [S2]) from a ladder system considering two copies of w;. By
making the points of one copy, w, X {0}, isolated and making the ath ladder of
isolated points converge to « in the other copy, w, X {1}, one obtains a space
which is normal if and only if every function on the ladder system can be
uniformized. The closed set of isolated points, S X {1}, is G; if and only if the
following property () fails:

If f: w, — w, then there is some e« €S and k€ w
() such that | {n € w; fL(a, n)) = k}| = Ry,

So it is enough to prove

THEOREM. Suppose V satisfies CH. Then there is a forcing notion P which
does not add reals, collapse cardinals, change cofinalities or the value of the
exponential function such that in V¥ there is a ladder system on SCQ, S
stationary, which satisfies (*) and such that every colouring of the ladder system
can be uniformized.

PrOOF. For notational simplicity assume RX,=2." The partial order
Q(L, ¢) from [S] is designed to produce a function g which uniformizes con L.
The elements of Q(L, ¢) are functions p: (y + 1) NS — 2 where y Ew, and

[{n€w; p(L(a, N)) # c(@)}| <R, foreverya€Ey + 1.

The ordering on Q(L, ¢) is set containment. Let L be the partial order for
adding a ladder system generically with countable conditions (so the elements
of L are countable functicns p:n X w —n and the ordering is again set
containment — in fact L is simply adding a subset of w; with countable
conditions). Let the name for the generic function from w; X w to w, be L.
Note that L is not necessarily a ladder system since conditions (1), (2} and (3)
need not necessarily be satisfied at all e € Q. Let Sbe a name for {a €Q; (1), (2)
and (3) are satisfied}. It follows that L 'S will be a ladder system.

Define an iteration P(w,) by induction as follows. Let P(1) = L. If P(«) has
been defined and ¢, is a VP name for a function from Q to 2, then
P(a+ 1)=P(a) * Q(L I S, ¢,). The iteration will have countable support. To

t Otherwise we can use a longer iteration, X,-cc will be preserved, by [S3] Ch. VIII, §2.
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see that w, is not collapsed and .S is still stationary, see [S2]." This fact, together
with the appropriate cardinal arithmetic in the ground model, makes it is
possible to construct the iteration so that every name for a function c¢: S —2
appears and hence is uniformized. Let ¢, be a name for the generic colouring
obtained from the nth partial order.

Before continuing with the proof let us make a simple observation. Let D be
the set of conditions, p, in P(w,) for which there exists an ordinal 4( p), the
“height” of p, such that for every y

p(y) is an actual function in V (rather than a P,-name), and
domain( p(y)) = p( p) or domain( p(y)) = 0.

In [S2] it is shown that D is dense in P(w,) and that any descending sequence of
conditions from D has a lower bound provided the heights of the conditions
converge to an ordinal without a ladder attached to it. In our case the ladder
system is constructed generically and it will be possible to ensure that a ladder
is not attached to a point by having (2) fail at that ordinal.

The remainder of this paper is devoted to proving that if G is P(w,) generic
over V then (x) holds in ¥[G]. To see this suppose that p € P(w,) and that it
forces that fis a counterexample. Let 9% be a countable elementary submodel
of H(w,) containing p, {(¢,; @ <®,), P(w,) and f. Let § =M N w, and T =
M N w,. Choose an increasing sequence {J,; n € 65} cofinal in d and let £\ {0}
be enumerated by the sequence {o(n);n€w}. Let T=U{"2;nEw} and
define t"i =t U {(domain(?), i)} for t €T . Let, for 5, tET, jEw, s ~ tiff

tMi€w:a(i)<a(j)}=s! {i€Ew:a(i)<a(j))}.

Induction on m € w will be used to construct, in IR, p, EP(w,), k, Ew and
{, €4 for each t € "2 satisfying conditions (4) to (11) below.

4 p~=p€EDforie2,

(5) (t i 6d0main(t)a

©) (p, (ML) =t())if |t]| = |s| >jby (4), it is enough to ensure this for
1] =151,

(7) either (a) p, [ “|{{€w; & ({) = 1(j) for jEdomain(?)}| = w” or
() p, |F“H{EEwy; doy (§) = 1()) for jEdomain(f) and A{) =k} =
w,” and, moreover, X, is the least such integer,

t Alternatively use [S3] Ch. III to show P(w,) is proper, by Ch. V no w-sequence of ordinals is
added, by Ch. III P(w,) satisfies the X,-cc and has (a dense subset of) power X,. So cardinal
arithmetic is as required.
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(8) if case (7b) holds then p, | " f({) = k.7,

(9) if ¢ =S then p, ! a(j) and p, F o{j) are comparable,

(10) py = p,

(1) p. 1 a(j) || “domain( p,(6(J))) D Somainey” fOr j € domain(z).

To show that the induction can be carried out suppose that p, has been
defined for t€™2. Let {t;; i =2™*'} enumerate ™ *'2. We define by induction
on n = 2™ the following: ( p;':i <™*'2), ({,:i<n) and (k,:i <n) such
that (for our p;, {,, k,) conditions (4), (7), (9), (11) hold, and condition (5)
holds for t €{¢;: i <n}, condition (6) holds for s€{¢,:i <n}, t€™*'2 and
condition (8) holds for tE{#;: 1 <n}.

For n + 0, we define p? by induction on { < 2™*! such that:

(1) pl(.] = Purmo

(ii) forevery/ =m + 1 and s€™2, if ;| m ~,s then p? t a({) = p, ! a(l),

(iii) if s€{¢;:j<i}and | =m + 1 and ¢, ~;s then p) 1 a(!) = p, ! a(]),

(iv) p? satisfies condition (7).

There are no problems — first by the induction hypothesis and condition (9)
we can find g/ satisfying (i), (ii), (ii1), and then (iv) is satisfied by a dense set of
members of the forcing notion.

For n + 1, by condition (9) we can find ¢ = p,,,, such that:

ifsem+12, I =m+ 1,5~ tthen g s(l) < plts(l).

If possible, find g, = g such that g, forces the first alternative in (7). If this is not
possible then

q [ “1{{E€w; &y, (L) = (1, 0)()) for j Edomain(z, )} | = @™
Hence ¢ || “there is a least integer & such that
A{{€wi; dyy(0) = (1,)()) for j Edomain(s,"0) and AL) =k, }| = w,”.
Let g, decide the value of this k to be k, . Then

def

A = {{:q, does not force { ¢4}
is uncountable. Now in both cases we can find an ordinal {, such that:

(o Z0ms1, C, >h(p) for every s€™*'2, and there is ¢y =g, such that

g, |F “{, €A™ and wlog is g, €D. Easily p/ *! £ 4 satisfies the relevant case of
(6) and also (5) holds. Now we have to define p?*! (s€™*'2\ {¢,}) to satisfy
(6) to00; this is easy too.
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So we have finished the induction on #, thus we finish the induction step for
the induction on m.

Now note that from (9) and the fact that (i) = | for i €Ew it follows that
{p(0); €T} is linearly ordered. Hence it is possible to find r:d X w —>46
such that r = p,(0) for t €T. From (5) it follows that {{,; tE T} has order
type w and hence there is r*:(6 + 1) X w—4J such that {{;/€T}=
{r*(,1); i€Ew} and r* = r. Note that r* |- “6 €S™.

Let the order type of X be #and let X be enumerated in order as { p(y); y €0}.
A descending sequence of conditions {g, EP(p(y)) N p; y <6} and a function
J:(6\{0})—2 will now be defined by induction on y <@. It will also be
insisted that if A(f) = {t€T; t(i)=J(a) if 6(i) = p(a) and a < B} then:

(12) g, = p, ' p(y) for all t EA(y).

To start let ¢,(0)€L be such that ¢,(0) = r* and ¢,(0) | “c,(d) = J(1)”. Now
suppose that gzand J I (f\ {0}) have been defined. Find J(f) and g* EP(p(B))
such that ¢* =< gz and g* | “c,5(d) = J(B).”

Choose 7 such that p(f8) = a(n). It will first be shown that

{p.(p(B));, t EA(B + 1)} is linearly ordered.

To see that this is so suppose that 7 and s constitute a counterexample. Let o(j)
be minimal such that ¢(j) # s(j). It follows from the definition of A(8) that
p(B)Eo()). Since ¢ ~ S, D To(j) and p, T o(j) are comparable, and so are
p(p(B)) and py(p(B)).

It is now possible to find g4, = ¢* such that gz, (p(8)) = p,(p(B)) for all
teA(B + 1)”. Since g5, (p(B))J) has not been defined it is possible to insist
that gz, ,(p(B))S) = J(B) and, hence, gz, || d,5(d) = J(B). By extending, if
necessary, it may be assumed that g;, , € D. At limit stages of the induction it
suffices to use the fact that descending se—quences from D have lower bounds
provided that their heights converge to « &€ S. This can be arranged by having
(2) fail at «. For the same reason it is possible to find g such that ¢ = g, for
y€46. Clearly q |} “¢,(6) =J(p~ (7)) = d,(6)” for yEZX. Now choose KEw
and r = ¢ such that r |- “f(0)=K".

Notice that A(# + 1) is simply a branch through T'. Furthermore, k, = K for
t €T. To see this suppose that k, > K for some t €A (6 + 1). Then either (7a) or
(7b) holds. But since J & It it follows by elementarity that (7a) cannot hold.
Since (7b) holds, if K < k, then the minimality of &, and the elementarity of 2t
will be contradicted. It follows that there is some k such that k, = k for
infinitely many t€A4(6 + 1). But now it follows that r |- “f({)=k" for
infinitely many ¢ €4(0 + 1) and hence r |- “| {n €w; AL, n)) = k}| = R,™.
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